We present a procedure that is helpful to reduce the computational complexity of large-scale shellmodel calculations, by preserving as much as possible the role of the rejected degrees of freedom in an effective approach. Our truncation is driven first by the analysis of the effective singleparticle energies of the original large-scale shell-model hamiltonian, so to locate the relevant degrees of freedom to describe a class of isotopes or isotones, namely the single-particle orbitals that will constitute a new truncated model space. The second step is to perform an unitary transformation of the original hamiltonian from its model space into the truncated one. This transformation generates a new shell-model hamiltonian, defined in a smaller model space, that retains effectively the role of the excluded single-particle orbitals. As an application of this procedure, we have chosen a realistic shell-model hamiltonian defined in a large model space, set up by seven and five proton and neutron single-particle orbitals outside 88 Sr, respectively. We study the dependence of shell-model results upon different truncations of the original model space for the Zr, Mo, Ru, Pd, Cd, and Sn isotopic chains, showing the reliability of this truncation procedure.
I. INTRODUCTION
Large-scale shell-model (LSSM) calculations have become a well-established approach to obtain a microscopic theoretical description of the collective properties of atomic nuclei. This goal has been evident since the early papers where the rotational motion of some pf -shell nuclei [1] or the large γ-softeness of 64 Ge [2] , already observed in experimental studies, were described in terms of the shell model (SM) instead of resorting to nuclear collective models.
In present days, powerful computing devices are widely accessible and make more feasible to approach SM calculations with large model spaces for nuclei with many valence nucleons. This has given the opportunity to many nuclear-theory groups to study exotic features of the atomic nuclei within a microscopic approach, so supporting the experimental efforts to enlarge the knowledge of the chart of the nuclides in the rare-ion-beam era. In recent years, it is worth mentioning the study of the onset of collectivity in some isotopic and isotonic chains [3] [4] [5] [6] , the revelation of novel collective features [7] [8] [9] [10] and of the island-of-inversion phenomenon [11] , the description of the shell evolution in many heavy-mass nuclei [12] [13] [14] [15] . Along with these SM studies, it should be also pointed out that a notable theoretical effort has been devoted to enhance the computational abilities of LSSM calculations [16] [17] [18] [19] [20] [21] .
In spite of the progress in solving eigenproblems of large complexity, there exists always a limit to the maximum dimension of matrices that can be diagonalized when solving the Schrödinger equation. This affects mostly the shell-model studies of heavy-mass nuclei, where the required model spaces own a large capacity, making the calculations for nuclei with many valence nucleons very demanding.
For example, in Ref. [22] experimental data for light tin isotopes are compared with the results of LSSM calculations performed by considering 90 Zr as a closed core, and using the ANTOINE shell-model code [23] . Since the model space was made up by the six sdgh proton orbitals and the five neutron ones (excluding the 0g 9/2 orbital), exact calculations were not feasible, and the SM basis was truncated allowing up to 4p − 4h Z = 50 cross-shell excitations only.
A more recent example, which may be mentioned, is the observation of the onset of collectivity at N = 40 in the chromium and iron isotopic chains [6] . The latter has been interpreted as due to the interplay between the quadrupole-quadrupole component of the residual interaction and the central field in the sub-space spanned by the lowest ∆j=2 orbitals of a major shell [24] . This interpretation is based on a LSSM calculation, where the model space is composed by the four f p proton orbitals and five f pgd neutron ones, with 4 and 6 valence protons and up to 12 valence neutrons. Also in this calculation, the diagonalization of the full SM basis, using the NATHAN code [25] , was not feasible, and a truncation up to= 14p − 14h excitations across the Z = 28 and N = 40 shell-closures was employed.
From the above examples, it is evident that computational difficulties, when dealing with large model spaces, arise evolving the number of the valence protons Z val (isotonic chains) and/or of the valence neutrons N val (isotopic chains), a typical situation for nuclei exhibiting exotic features.
The increase of the valence particles, however, comes along with the evolution of the theoretical effective singleparticle energies (ESPE) for a given SM hamiltonian. Therefore, the behavior of the ESPE as a function of the number of valence protons or neutrons may help to identify the relevant degrees of freedom to describe the spectroscopic characteristics of a certain nucleus.
In the present work, we propose a method, that we have already experienced in Ref. [26] , which locates a very effective truncation of the model space, through the study of the ESPE of a SM hamiltonian H as a function of Z val and/or N val . Successively, we build up a new SM hamiltonianH defined in a reduced model space with a smaller number of orbitals, by way of an unitary transformation of the "mother hamiltonian" H.
As a testing ground, we consider the study of the quadrupole collectivity due to Z = 50 cross-shell excitations in even-even isotopic chains above 88 Sr. First, we derive an effective shell-model hamiltonian starting from the CD-Bonn potential [27] , whose highmomentum repulsive components are smoothed out using the V low−k approach [28] , by way of the time-dependent perturbation theory [29, 30] . This will be done within a large model space, that includes seven psdgh proton orbitals and five sdgh neutron ones.
Then, we calculate and study the behavior of the proton and neutron ESPE as a function of the number of valence neutrons and protons. The analysis of the ESPE drives the choice to reduce the number of proton and neutron orbitals. Consequently, new effective hamiltonians defined in reduced model spaces and tailored to study certain isotopic chains, are derived by way of a unitary transformation of the starting shell-model hamiltonian. Finally, we perform SM calculations with these effective hamiltonians and compare the theoretical results so to quantify the reliability of this double-step procedure.
In the next section, we sketch out a few details about the derivation of our shell-model hamiltonians and effective charges of the electric quadrupole operators. We also present the results of the behavior of the calculated ESPE as a function of the valence protons. Besides this, we will discuss how we have derived the new effective hamiltonians, within two new truncated model spaces. In Section III, we present the results of our calculations for Zr, Mo, Ru, Pd, Cd, and Sn isotopes, comparing the results obtained with three different model spaces. In the last section a summary of the present work and an outlook of our future programs are reported. In Ref. [31] they can be found the calculated two-body matrix elements (TBME) of the effective shell-model interactions in the truncated model spaces.
II. OUTLINE OF CALCULATIONS
Our starting effective shell-model hamiltonian has been derived within the framework of the many-body perturbation theory , as mentioned in the Introduction, from the CD-Bonn N N potential [27] . More explicitly, first the high-momentum repulsive components of the bare N N potential have been renormalized by way of the socalled V low−k approach [28, 32] , which provides a smooth potential preserving exactly the onshell properties of the original N N potential up to a cutoff momentum Λ = 2.6 fm −1 . Next, we have derived the shell-model hamiltonian using the well-knownQ-box plus folded-diagram method [30] , where theQ-box is a collection of irreducible valence-linked Goldstone diagrams which we have calculated through third order in the V low−k [33] .
The effective hamiltonian H eff can be written in an operator form as
where the integral sign represents a generalized folding operation, andQ is obtained fromQ by removing terms of first order in V low−k . The folded-diagram series is summed up to all orders using the Lee-Suzuki iteration method [34] . From the effective hamiltonian both single-particle (SP) energies and two-body matrix elements of the residual interaction have been obtained [33] , and we have derived consistently the effective charges of the electric quadrupole operators at the same perturbative order.
The model space we have employed is spanned by the seven 1p 1/2 , 0g 9/2 , 0g 7/2 , 1d 5/2 , 1d 3/2 , 2s 1/2 , 0h 11/2 proton orbitals and by the five 0g 7/2 , 1d 5/2 , 1d 3/2 , 2s 1/2 , 0h 11/2 neutron orbitals, considering 88 Sr as an inert core. From now on, we will indicate this model space as [75] , and consequently, we have dubbed the effective hamiltonian H 75 , the superscript indicating the number of proton (seven) and neutron (five) model-space orbitals.
Such a large model space has been introduced so as to take explicitly into account the Z = 50 cross-shell excitations of protons jumping from the 1p 1/2 , 0g 9/2 orbitals into the sdgh ones.
In Table I the calculated single-particle energies are reported, and in Table II are reported theoretical proton and neutron effective charges, which are close to the usual empirical values (e emp p = 1.5e, e emp n = 0.5 ÷ 0.8e). As previously mentioned, the major difficulty with H 75 is the increasing computational complexity, when evolving the atomic number Z of the isotopic chain under investigation. In particular, if one focuses his attention on the tin chain -as we did in Ref. [26] -this hamiltonian cannot be diagonalized for any tin isotope with up-todate shell-model codes.
It is then mandatory to find the way to reduce the dimensions of the matrices to be diagonalized, and consequently make the shell-model calculation feasible.
Here we present an approach, adopted for the first time in Ref. [26] , which leads to new effective hamiltonians defined in truncated model spaces, by way of a unitary transformation of H 75 . The choice of the truncation of the model space is driven by the behavior, as a function of Z val and N val , of the proton and neutron effective single-particle energies (ESPE) of the original hamiltonian H 75 , so as to find out what are the most relevant degrees of freedom to describe the physics of nuclear systems of interest. To this end, we report in Figs. 1 and 2 the evolution of both proton and neutron ESPE as a function of Z val . From the inspection of Fig. 1 , it can be observed that an almost constant energy gap provides a separation between the subspace spanned by the 1p 1/2 , 0g 9/2 , 1d 5/2 , 0g 7/2 proton orbitals and that spanned by the 2s 1/2 , 1d 3/2 , 0h 11/2 ones. This leads to the conclusion that a reasonable truncation is to consider only the lowest four orbitals, as proton model space.
On the neutron side, Fig. 2 evidences that the filling of the proton 0g 9/2 orbital induces a relevant energy gap at Z = 50 between the 1d 5/2 , 0g 7/2 subspace and that spanned by the 2s 1/2 , 1d 3/2 , 0h 11/2 orbitals. This gap, around 2.4 MeV, traces back to the tensor component of the proton-neutron interaction that is mainly responsible for the shell evolution [35] .
On the above grounds, it looks reasonable that a neutron model space spanned only by the 1d 5/2 , 0g 7/2 orbitals may provide the relevant features of the physics of isotopic chains with higher Z, such as Pd, Cd, and Sn Here, we present a few details about the derivation of these effective hamiltonians, dubbed H pn eff , starting from the "mother hamiltonian" H 75 . The eigenvalue problem for H 75 written in terms of its eigenvalues E i and eigenfunctions ψ i is the following:
where H 75 may be partitioned as the sum of a singleparticle hamiltonian H 0 and a residual two-body poten-tial V :
As it has been mentioned before, the analysis of the behavior of the ESPE induces a possible reduction of the number SP orbitals that span the model space. The original model space [75] is then splitted up in two subspaces P ≡ P pn and Q ≡ Q 7−p,5−n , with the projector P that can be expressed in terms of the H 0 eigenvectors
We can define the P -space effective hamiltonian H pn eff by writing
where we require that the eigenfunctions φ k are the projections of the eigenfunctions ψ k of the "mother hamiltonian"
Then we can express H pn eff formally as
where the |φ k are the |φ k biorthogonal states satisfying |φ k φ k | = δ kk , and that can be easily obtained using the Schmidt biorthonormalization procedure. At the end, we can therefore define the effective residual interaction V pn eff as:
The knowledge of the eigenvalues and eigenfunctions of H 75 is therefore essential to explicitly derive the effective hamiltonian H pn eff . It is worth to point out that when solving the H 75 eigenvalue problem for a A val valence-nucleon system, the corresponding effective hamiltonian H pn eff will contain 1-body, 2-body, ... A val -body contributions. Obviously, the larger is the chosen subspace the smaller is the role of these effective A val -body components.
Since at present, due to the computational complexity, there are no public shell-model codes able to handle these A val -body forces with n ≥ 3, we have applied the above unitary transformation only to the two valence-nucleon systems (i.e. [7, 5] , [4, 5] , and [4, 2] (see text for details).
To verify the reliability of our truncation scheme, we consider the nucleus 96 Mo, which, in our framework, is described as four protons and four neutrons interacting outside 88 Sr, and corresponds to the "largest" eigenvalue problem solvable with the "mother" hamiltonian H 75 for a system with an equal number of valence protons and neutrons.
The shell model calculations with the truncated model spaces [4, 5] and [4, 2] eff . For the sake of completeness, it should be observed that the spectra obtained employing the b) and c) hamiltonians are both shifted up with respect to case a), the size of the shift being proportional to the truncation of the model space.
The above results evidence the adequacy of our truncation scheme when the latter is grounded on a neat separation of the model space P from its complement Q, as depicted by the ESPE behavior (see Figs. 1,2) .
As mentioned before, we have calculated the E2 effective charges consistently with the "mother hamiltonian" H 75 at the same perturbative order. This means that, when dealing with the effective hamiltonians H pn eff , in order to preserve exactly also the calculated transition rates for the two-valence nucleon systems, the effective E2 operator should be further renormalized to take into account the neglected degrees of freedom. In this way, one would obtain an effective two-body E2 operator to be employed to calculate the electric quadrupole properties of the systems with a number of valence nucleons greater than two. At our knowledge, however, there's no public shell-model code able to calculate transition rates driven by two-body transition operators, therefore we have calculated the E2 transition rates using the effective charges derived consistently with H 75 . As a consequence, the eventual observed discrepancy between the E2 properties calculated with 
A. Zr isotopes
In our framework Zr isotopes are described as two valence protons and (N −50) valence neutrons outside 88 Sr, therefore 90 Zr is a two-valence particle system and by definition, as mentioned in Sec. II, its calculated energy spectrum is exactly preserved by the three effective hamiltonians. This can be seen in Fig. 4 where the cal-culated excitation energies of the yrast 2 + states (E This may be traced back to the non-negligible role of the Z = 38 proton cross-shell excitations, as pointed out in Ref. [37] , that should be explicitly included in the calculations. 
B. Mo isotopes
In Fig. 6 we show the behavior of the calculated E Mo isotopes have four valence protons outside 88 Sr, therefore the 0g 9/2 proton orbital begins to be filled, and this induces a relevant collectivity by way of the attractive tensor force acting between the proton 0g 9/2 and the neutron 0g 7/2 orbitals. This implies that the energies are less sensitive to the single-neutron structure and, consequently, a N = 56 subshell closure is not expected, even if the neutron ESPE reported in Fig. 7 are similar to those for Zr isotopes. As a matter of fact, while in the ground state (g.s.) wave function of 96 Zr the 1d 5/2 neutron orbital is 94% full, its occupation drops to 74% in the 98 Mo g.s., owing to the strong interaction π0g 9/2 − ν0g 7/2 . As a consequence, a possible shell closure is obviously prevented, and the reliability of a neutron model-space truncation holds up to N = 56, the eigenvalues of the three hamiltonians being very close to each other.
The situation is quite different for the E2 transition rates; starting from N = 52 the results obtained with H 42 eff are far from those provided by H 75 , H 45 eff , the former transition rates being strongly lower than the latters. The model space spanned only by the 1d 5/2 0g 7/2 neutron orbitals is clearly not able to describe the onset of quadrupole collectivity, and once again we mention the need to include effective two-body E2 operator to cure this deficiency.
In this connection it is worth to stress the reliability of the H 45 eff hamiltonian, whose results are quite close to the H 75 ones and in a very satisfactory agreement with the experimental data. In particular, the reproduction of the E2 strengths seems to indicate that the increase of the number of protons induces a quenching of the Z = 38 proton cross-shell excitations. 
C. Ru isotopes
The calculated results for ruthenium isotopes are reported and compared with the experimental ones in Fig.  8 . Owing to the increase of the valence proton number, we are able to perform calculations with H 45 eff only up to N = 54, so we cannot report a comparison between the different truncation schemes for heavier isotopes. From the inspection of Fig. 8 , we see that predicted energies with the three hamiltonians are close and in good agreement with the experiment. Because of the restricted model space, the H 42 eff hamiltonian -as for Mo isotopes -is not able to describe the quadrupole collectivity as evidenced by the E2 transition rates.
The H 45 eff predicted rates are instead very close to those of the "mother hamiltonian", and reproduce nicely the collective behavior. In Fig. 9 the calculated neutron ESPE of Ru isotopes are reported up to N = 58. It can be observed a slight lowering of the 0g 7/2 ESPE, the latter starting to detach from the 1d 3/2 , 2s 1/2 ones. 
D. Pd isotopes
From the inspection of Fig. 10 , where the neutron ESPE for Pd isotopes are shown as a a function of N , it can be seen that the half filling of the proton g 9/2 orbital has induced a sizeable downshift of the neutron g 7/2 orbital and the rise of an energy gap ( 2MeV) between the d 5/2 and g 7/2 orbitals and the higher ones. The calculated eigenvalues are in a good agreement with the data up to N = 54 (see Fig. 11 ), 100 Pd being the heaviest computationally attainable isotope with the H It is worth to note that the comparison with the sole available experimental transition rate shows that the B(E2)s with H 45 eff overestimate the quadrupole collectivity, at least for N = 54. In Figs. 12 and 13 we report, respectively, the calculated E Fig. 5 , for Cd isotopes.
F. Sn isotopes
The inspection of Fig. 14 evidences that the complete filling of the proton 0g 9/2 orbital induces a 3 MeV energy gap at Z = 50 between the 1d 5/2 , 0g 7/2 subspace and that spanned by the 2s 1/2 , 1d 3/2 , 0h 11/2 orbitals. This, obviously, suddenly enforces the effectiveness of our truncation scheme when using H Before concluding this subsection, it is in order to point out that the calculations for 104 Sn with the H 45 eff hamiltonian have been performed limiting to 6 the maximum number t of valence particles allowed in the proton 1d 5/2 , 0g 7/2 and neutron 2s 1/2 , 1d 3/2 , 0h 11/2 orbitals, because of the limitations of the ANTOINE shell-model code. To check the reliability of such truncation, we have studied the behavior of the calculated quantities as a function of t. The obtained results are quite stable from t = 4 on, the E ) varying less than 1% and 2% respectively, passing from t = 5 to t = 6.
IV. SUMMARY AND OUTLOOK
The aim of the present paper has been to introduce an original double-step approach to simplify the computational problem of large-scale shell-model calculations. The core of our method is the study of the ESPE of the large-scale hamiltonian, so as to identify the most relevant degrees of freedom to be taken into account in the construction of a truncated shell-model hamiltonian. To this end, a unitary transformation is employed so to derive new effective shell-model hamiltonians defined within a reduced set of single-particle orbitals, accordingly to the ESPE analysis.
We have applied this procedure to a realistic shellmodel hamiltonian, whose model space was designed so to describe the Z = 50 cross-shell excitations for nuclei outside 88 Sr employing seven proton and five neutron orbitals. Because of the behavior of the proton and neutron ESPE, we have identified two new model subspaces made up by four proton orbitals and five and two neutron ones, respectively, and transformed our original hamiltonian in these subsets.
We have performed calculations for Zr, Mo, Ru, Pd, Cd, and Sn isotonic chains to check the reliability of our procedure. The results obtained with the effectively truncated hamiltonians indicates the ability to reproduce eigenvalues and electromagnetic transition rates of the original shell-model hamiltonian, especially when the ESPE provide a neat separation in energy between the new model subspaces and their complement.
This double-step approach may provide a reliable truncation procedure in any large-scale shell-model calculation. As a matter of fact, we are intended to apply it in other regions, as for example to study isotopic and isotonic chains with valence particle outside doubly-magic 132 Sn and 208 Pb, where the large model spaces leads to critical situations of the computational complexity, when increasing the number of valence nucleons.
We are also studying the possibility to extend this procedure so to truncate shell-model spaces freezing the degrees of freedom of filled nuclear orbitals, as we already experienced in Ref. [41] but within a perturbative derivation of the reduced effective hamiltonians, and to calculate effective two-body electromagnetic operators, consistently with the unitary transformation of the hamiltonian, so to improve also the reproduction of the corresponding transition rates.
